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Nonorientable Embeddings of Croups 
TOMAZ PISANSKI* AND ARTHUR T. WHITEt 
Embeddings of Cayley graphs into nonorientable surfaces are studied. Some lower and upper 
bounds for the nonorientable genus of abelian and hamiltonian groups are obtained. In the case 
when the lower and upper bounds coincide the nonorientable genus is computed. For example, let 
A = Zml X Zm2 X ... X Zm" where m;+llm; (1 '" i '" r - I); if 4 divides ml , r ~ 3, and 
m, ~ 5, m, odd, then A has nonorientable genus 2 + (r - 2)IAI/2. In some cases the method is 
applied to orientable embeddings. For example, if the abelian factor A of a hamiltonian group H 
has rank r ~ 6, then both the genus and the nonorientable genus of H are determined unless either 
IAI is odd or m, = 3. 
1, INTRODUCTION 
To get an 'efficient picture' of a group we seek a surface with maximum Euler characteristic 
on which we can embed a Cayley graph of some presentation of the group. In the past 
mostly orientable embeddings of groups were studied. Here we follow a uniform approach 
for both orientable and nonorientable embeddings. All groups and graphs in this paper are 
finite. 
By G(T, .1) we denote the Cayley graph of a group T with generating set .1. Note that 
G(T, .1) has no loops (as the identity is never an element of a generating set) and is 
connected. There may be multiple edges if .1 contains generators of order two. Sometimes 
it is more convenient to identify the opposing pair of edges that correspond to a generator 
of order two, It can be easily verified that both viewpoints are equivalent as far as the genus 
and nonorientable genus of a group are concerned and we shall be using both, For terms 
not defined here the reader may consult any standard book on topological graph theory, 
say [17]. 
The genus y( G) of a graph G is given by: 
y( G) = the minimum k such that G embeds in Sk, the orientable surface of genus k. 
In a similar way we define the nonorientable genus (also called the crosscap number) y(G) 
of G by: 
y(G) = the minimum k such that G embeds in Nk , the nonorientable 'surface of genus k. 
The genus y(T) of a group Tis the minimum genus of any Caley graph G(T, .1) for T, and 
the nonorientable genus y(T) of Tis the minimum nonorientable genus of any Cayley graph 
for 1: 
y(T) min {y(G(T, .1»1.1 is a generating set for T}, 
y(T) min {y(G(T, .1»1.1 is a generating set for T}. 
There are two basic approaches to the genus problem for groups. The first one consists of 
classifying groups of certain genus. An old result of W. Maschke [6] determines all planar 
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groups (that is, all groups of genus 0). Much later, V. K. Proulx [10] classified all groups 
of genus one. Recently, T. W. Tucker [13] isolated the only group of genus two. He also 
proved that for each genus y > I there are only a finite number of groups with genus y; 
see [11]. 
The other approach consists of determining the genus of a chosen family of groups. Some 
results are known for symmetric and alternating groups [12]. Abelian and hamiltonian 
groups were also studied and now the orientable genus is known for most abelian groups 
[4, 16]; see also [17]. The only unsolved cases involve abelian groups with no quadrilateral 
embeddings or those involving Z3 factors in their standard product form. Recently M. G. 
Brin and C. C. Squier have announced that Y(ZD = 7. They improved the lower bound 6 
of T. W. Tucker [14] and therefore showed that the embedding of Mohar et al. [7] is 
minimal. It is also known that 13 ~ y(ZD ~ 14. 
Here we have chosen the second approach with abelian and hamiltonian groups. We need 
the following notation: 
A(m" m2, ... , mr) 
where mr > I, if r > 0, and mi+,lmi, for I ~ i ~ r - I, 
where Q = {I, -I, i, - i, j, - j, k, - k} is the quaternions, if r > 0 then mr > 1, mi+,lmi 
for I ~ i ~ r - I, and 4,r m,. 
Recall that a nonabelian group is hamiltonian if each of its subgroups is normal. Here are 
two well-known structure theorems; for proofs see for instance M. Hall [3]; see also [1, 17]. 
THEOREM 1. Let A be a finite abelian group. Then A is isomorphic to a unique group 
A(m" m2, ... , mr)' • 
THEOREM 2. Let H be afinite hamiltonian group. Then H is isomorphic to a unique group 
H(m, , m2, ... ,mr)' • 
We call A(m" m2, ... , mr) and H(m" m2, ... , mr) the standard product form of an 
abelian or hamiltonian group, respectively. 
The new evaluations of the nonorientable genus parameter occur in Theorems 19 and 22, 
for abelian groups, and in Theorem 28, for hamiltonian groups. Theorem 27 presents new 
calculations of the (orientable) genus parameter, for many hamiltonian groups. For 
example, yeA) is calculated when 4 divides mi , r ~ 3, and mr is odd. For r ~ 6, y(H) and 
y(H) are both calculated if and only if m, is even and mr #- 3. 
To these ends, we introduce more notation and terminology. By the rank of a group r 
we mean the minimum cardinality of any generating set for r: 
rank (r) = min {ILiIILi is a generating set for r}. 
To each hamiltonian group H(m" m2, ... , mr) we may associate two numbers a and b. 
Let a denote the number of even numbers among mi and let b denote the number of those 
m i which are greater than 2. Then we can write mj = 2nj for I ~ j ~ band 
This normal form is used, for instance, in the book [17]. We shall call it the alternative 
product form. Note that b < a if and only if mr = 2; b = a if and only if mr > 2 is even; 
b > a if and only if mr is odd. 
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Let x = (XO, Xl' ... , Xr) E Q x Zm\ X Zm2 X •.. X Zmr, where Xo E Q and Xh E Zmh 
for I ~ h ~ r. We shall write 
X = bZ if Xo = q E Q, Xh = 1, and Xg = 0 for g "# h, 1 ~ g ~ r. 
Also (q, 0, ... , 0) = bZ will be denoted as bq • If q = I we shall write bh instead of b~. An 
arbitrary element X can now be written as 
x = bXo + Xlb l + X2b2 + ... + Xrbr. 
For the alternative product form Q x Z.\ X Z'2 X ... X Z'b X Z2 X Z2 X . . • X Z2 
(a factors Z2) we shall use a similar notation except that we shall write er., q E Q, 
o ~ h ~ a + b. 
Let Tbe an arbitrary group and let ..1 be an arbitrary generating set for T. By tp = tp (..1) 
we denote the number of generators in ..1 which are of order p and by s = s(..1) we denote 
the number of generators of order greater than 3. Hence 1..11 = t2 + t3 + s. Furthermore, 
let (!(T) denote the minimum of 6s + 3t2 + 5t3, where the minimum is taken over all 
generating sets for r; that is: 
(!(T) = min {6s(..1) + 3ti..1) + 5t3(..1)I..1 is a generating set for T} 
The generating set ..1 for which (!(T) is attained is called (!-minimal. The parameter (AT) 
will figure prominently in Lemma 10. 
The proof of the following useful Lemma is routine and will be omitted. 
LEMMA 3. Let T' be a quotient group of an arbitrary group r. If ..1 is a generating set for 
T and ..1' is the induced generating set for T ' then the following facts hold: 
(a) s(..1) ~ s(..1'), 
(b) s(..1) + t2(..1) ~ s(..1') + t2(..1'), 
(c) s(..1) + 13(..1) ~ s(..1') + t3(..1'), 
(d) s(..1) + t2(..1) + t3(..1) ~ s(..1') + t2(..1') + t3(..1'), 
(e) rank (T) ~ rank (r'), 
(f) (!(r) ~ (!(r'). • 
The rank of an abelian group can be determined from its standard product form; see for 
instance [3]. 
PROPOSITION 4. rank (A(m l , m2 , ••• , mr» = r. • 
A similar result holds for hamiltonian groups. 
PROPOSITION 5. Let R = rank (H(m l , mh ... , mr»' Then one of the following alter-
natives is true: 
(a) R = r + 2, if r = 0 or mr is even; 
(b) R = r + 1, ifmr is odd and either r = 1 or mr _ l is even. 
(c) R = r, if mr and mr_ l are odd. 
PROOF. Let us write H for H(m l , m2, ... , mr)' It is clear that r ~ R. 
Let us take the subgroup S of H, consisting of all squares of elements of H: 
S = {x2lx E H}. 
The quotient group H jS is isomorphic to ~+2, where a is the number of even numbers 
among ml , m2, ... , m" as before. Since r ~ rank (HjS) = a + 2, we get R ~ r + 2 for 
a = r, and R ~ r + 1 for a = r - 1. 
448 T. Pisanski and A. T. White 
The inverse inequalities follow by the construction of appropriate generating sets. If 
a = r we can take the standard generating set Ll = {iY, cY, 15" 152 , ••• , 15r} thereby proving 
that R ::::;; r + 2. If a = r - 1 the group can be generated by a set of r + 1 generators, say 
{15" 152 , ••• , 15r_" 15~, 15 j }, therefore R ::::;; r + 1. Finally, if a ::::;; r - 2 then only r gener-
ators are needed to generate H. We can take the generating set {15" 152 , ••• , 15r- 2 , 15~_" 15t} 
which proves that R ::::;; r. • 
Unfortunately, it seems that calculating the parameter e(r) is as hard as computing 
rank (T). The following proposition whose proof is immediate and is omitted gives three 
lower bounds for e(T) for a general group r. 
PROPOSITION 6. Let T be an arbitrary group and let R = rank (T). Then: 
(a) 6R ~ e(T) ~ 3R; 
(b) e(T) ~ 5R, if51T1 is odd; 
(c) e(T) = 6R, if gcd(ITI, 6) = 1. • 
For abelian and hamiltonian groups it is possible to obtain explicit formulae for e(T). The 
following Lemma helps in the abelian case. 
LEMMA 7. Let p be a prime and let A = A(m" m2, ... ,mr) and k be such that 
mr = mr_, = ... = mr- k+, = p. Then for an arbitrary generating set Ll for A we have 
PROOF. Let Ap denote the subgroup of A generated by all elements of order p. 
Then rank (A/Ap) = r - k. Let <Pp: A --+ A/Ap be the natural homomorphism. Then the set 
<Pp(Ll) generates A/Ap and therefore has at least r - k nontrivial elements. This proves the 
inequality. • 
PROPOSITION 8. Let A = A(m" m2, ... ,mr) be an abelian group and let mr = 
mr_, = ... = mr-k+' = m (and mr- k #- m). Then: 
(a) e(A) = 6r - 3k, if m = 2; 
(b) e(A) = 6r - k, if m = 3; 
(c) e(A) = 6r, if m ~ 4. 
PROOF. If we take the standard generating set for A we get an upper bound for e(A) in 
each of the three cases. To get lower bounds we have to apply Lemma 7 with p = 2 and 
p = 3 for a e-minimal generating set Ll. 
(a) For p = 2 we get s + t3 ~ r - k. For p = 3 we get s + t2 ~ r. Therefore e(A) = 
3(s + t2) + 3(s + t3) + 2t3 ~ 6r - 3k. 
(b) For p = 2 we get s + t3 ~ r and for p = 3 we get s + t2 ~ r - k. Therefore 
e(A) = 5(s + t3) + (s + t2) + 2t2 ~ 6r - k. 
(c) For p = 2 we get s + t3 ~ r and for p = 3 we get s + t2 ~ r. Therefore e(A) = 
5(s + t3) + (s + t2) + 2t2 ~ 6r. • 
In the following proposition the same parameter is computed for all hamiltonian groups. 
PROPOSITION 9. Let H = H(m, , m2, ... ,mr) = H(a; n" n2, ... ,nb) be a hamil-
tonian group and let mr = mr_, = ... mr- k+, = m and mr-k #- m, then: 
Nonorientable embeddings of groups 
(a) e(H) = 3r + 12, if ° ~ b ~ a and ° ~ b ~ I; 
(b) e(H) = 6r - 3k + 6, if a = 0, b = I, and k = 0, or if2 ~ b ~ a; 
(c) e(H) = 5r + 2, if a = 0, b ~ 2, and m2 = 3; 
(d) e(H) = 5r + 3, if a = I, b ~ 3, and m2 = 3; 
(e) e(H) = 6r - k ; if m, = 3, I ~ k ~ r - 2, and a < r - k - 1; 
(f) e(H) = 6r - k + I, if m, = 3, I ~ k ~ r - 2, and a = r - k - I; 
(g) e(H) = 6r - k + 2, if m, = 3, 2 ~ k ~ r - 2, and a = r - k; 
(h) e(H) = 6r, if ° ~ a ~ b - 2, and m, ~ 5; 
(i) e(H) = 6r + 3, if I ~ a = b - l. 
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PROOF. There are some implicit relations among various numbers of this Proposition. 
For instance, in case (i) we have r = band m, is odd, whereas m,_] is an even number. In 
the proof we exploit such relationships without explicit warning. 
It is clear that for each hamiltonian group H and for each generating set ..1 we have 
s(L1) ~ 2 since Q is a quotient group with s ~ 2. Recall that we let s denote the number 
of generators of order> 3. 
(a) Since q x Z; is a quotient group of rank r + 2 with s ~ 2 and t3 = ° we immediately 
get e(H) ~ 3r + 12. For the reverse inequality we take ..1 = {15 i , 15 j , b], 152 , • • • , 15,} if 
k = r or r = 0, and ..1 = W, 8{, 82 , •• • , 8,+d if k = r - l. 
(b) In the case r = I and m, odd the obvious lower bound is again 12. As bi and 15{ 
generate the group H = Q x Zm, m odd, this proves that e(H) = 12. In the other case H 
is of the form Q x Znl X Zn2 X .. . X Znp X Z~ with a = rand 2 ~ b ~ a. Since 
Q x Z; is a quotient group of rank r + 2 we have s + t2 ~ r + 2. On the other hand we 
need at least b elements of order > 2 to generate the quotient group A(n] , n2, ... , nb). 
Hence s + 13 ~ r - k . This means that e(H) = 3(s + t2 ) + 3(s + t3) + 213 ~ 
6r - 3k + 6. The generating set ..1 = {15i + 215], bj + 2b2 , b3, b4 , ••• ,15" nib], n2b2} 
has r + 2 generators with t2 (L1) = k + 2, t3(L1) = 0, and s(L1) = r -k. This proves that 
e(lJ) = 6r - 3k + 6. 
(c) Here we have H = Q X Z 3p x Z;- ], where p ~ I is an odd integer. Obviously we 
have s ~ 2 and s + t3 ~ r. Hence e(H) = 5(s + t3) + s + 3t2 ~ 5r + 2. By taking 
11 = {bl, bL 153 , 154 , ••• , 15,} we get s = 2, t3 = r - 2, and t2 = 0, thereby establishing 
e(H) = 5r + 2. 
(d) Now we have H = Q X Z6P x Z;- ], where r ~ 3, andp ~ I is an odd integer. As 
in the case (c) we obtain s + 13 ~ r . The quotient group Q x · Z6p requires s + t2 ~ 3. 
Hence e(H) = 5(s + t3 ) + (s + t2) + 2t2 ~ 5r + 3. The upper bound for e(H) is 
obtained for ..1 {15], 15L b~, b4 , ••• , b,} with s = 3, t2 = 0, and t3 = r - 3. 
(e), (f), (g) In all three cases we have H = Q x A(m] , m2' . . . ,m,_d x Z~. Since 
A(m] , mh ... , m,) is a factor group we have s + 13 ~ r. Depending on the parity of m,_k 
and m,_k _ ] in the quotient group Q x A(m] , m2, ... , m,_d we then get s + 12 ~ r - k 
(in case e)), s + 12 ~ r - k + I (in case!)), and s + 12 ~ r - k + 2 (in case g)). This 
provides the lower bounds. The upper bounds are obtained in case (e) by the generating set 
in case (f) by the generating set 
in case (g) by the generating set 
In all cases we have t2 = 0. 
450 T. Pisanski and A. T. White 
(h) The inequalities s + t3 ~ rand s + t2 ~ r follow from the fact that 
A(ml' m2, ... , m,) with m, ~ 5 is a quotient group. This, in turn, gives rise to the 
inequality e(H) = 3(s + t2) + 3(s + t3) + 2t3 ~ 6r. The right-hand side value is 
attained with .1 = {£51, £52 , ••• , £5,_2, £5;-1, £5!}. 
(i) Here we have s + t3 ~ rand s + 12 ~ r + 1 which gives the desired result if we take 
.1 = {£51, £52 , ••• , £5,-2, 2£5~_1> £5;, n,_I£5,_d, where m'_1 = 2nr_ l . Note that s(.1) = r, 
t2 (.1) = 1, and t3 (.1) = o. • 
2. LOWER BOUNDS 
In this section we first establish a generallower bound for the orientable and nonorient-
able genus of a group and then apply it to abelian and hamiltonian groups. 
The following result is a refinement ofthe lower bound by Jungerman and White [4] and 
J. L. Gross and T. W. Tucker [2], which was originally devised for orientable embed dings 
of abelian groups. 
LEMMA 10. If an arbitrary group T has a Cayley graph G(r, .1) embeddable into a surface 
S of Euler characteristic X, then 
x ~ ITI(l - e(T )/12). 
Furthermore, the equality holds if and only if the embedding is such that .1 is e-minimal and 
there are ITlt2(.1)/2 digons, ITlt3(.1)/3 triangles, and all other faces are quadrilaterals. 
PROOF. Let G(r, .1) have an embedding into surface S of Euler characteristic X. We may 
take .1 to be irredundant. Otherwise we could have deleted all the edges belonging to 
redundant generators and still obtained an embedding of some Cayley graph for Tinto the 
same surface S. 
Let /; be the number of faces of size i. Then 
(1) 2]; ~ t21T1, and 
(2) 3h ~ t31T1. 
Note that (2) need not hold in general for redundant generating sets due to extra 
triangles. Since 2]; + 3 h + ... = 21EI, where lEI is the number of edges, it follows that 
2]; + 3h + 4(1FI -]; - h) ~ 21EI, where IFI =]; + h + ... is the number offaces. 
As G(r, .1) is regular of degree 21.11 = 2(t2 + t3 + s) we have 
(3) lEI = ITI(t2 + t3 + s), and 
(4) 41FI ~ 21EI + 2]; + h. 
Using (1), (2), (3), and (4) in the Euler formula X = ITI - lEI + IFI we get 
(5) X ~ ITI(1 - (6s + 3t2 + 5t3)/12). 
The right-hand side of (5) attains its maximum for e-minimal generating sets .1. Hence 
(6) X ~ ITI(1 - e(T)/12). 
There were four inequalities used in the derivation of (6). In order to have an equality in 
(6) we have to have equalities in (1), (2), and (4). They occur if and only if there are t21T1/2 
digons, t31TI/3 triangles and no face has size greater than four. In addition we have to have 
6s + 3t2 + 5t3 = e(T) which, in turn, is equivalent to e-minimality of A. • 
The result of Lemma 10 can be specialized according to the orientability of the surface. 
If we consider only 'optimal' surfaces we can rephrase it as follows. 
LEMMA 11 [Lower Bound Lemma]. For an arbitrary group T we have 
y(T) ~ 1 + ITI(e(T) - 12)/24, and 
y(T) ~ 2 + ITI(e(T) - 12)/12. • 
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Combining Propositions 8 and 9 with the Lower Bound Lemma we immediately obtain 
the respective lower bounds for abelian and hamiltonian groups. 
COROLLARY 12. Let A = A(m!, m2, ... , m,) be an abelian group and let 
m, = m,_! = ... = m,_k+! = m (and m,_k =f. m). 
(a) If m = 2 then yeA) ~ 1 + IAI(2r - k - 4)/8 and yeA) ~ 2 + IAI(2r - k - 4)/4. 
(b) Ifm = 3 then yeA) ~ 1 + IAI(6r - k - 12)/24 and yeA) ~ 2 + IAI(6r - k - 12)/12. 
(c) 11m> 3 then yeA) ~ I + IAI(r - 2)/4 and yeA) ~ 2 + IAI(r - 2)/2. • 
COROLLARY 13. Let H = H(m!, m2, ... , m,) be a hamiltonian group and let 
m, = m,_! = ... = m,_k+! = m (and m,_k =f. m). 
(a) Ifm = 2, r ~ 0, m, is even, and k ~ r - 1, then 
y(H) ~ 1 + IHlr/8 and y(H) ~ 2 + IHlr/4. 
(b) If r = 1, k = 0, and m, is odd, or if r ~ 2, m = 2, m, is even, and ° ~ k ~ r - 2 then 
y(H) ~ 1 + IHI(2r - k - 2)/8 and y(H) ~ 2 + 1H1(2r - k - 2)/4. 
(c) If r ~ 2, m! is odd, and m2 = 3 then 
y(H) ~ 1 + 51HI(r - 2)/24 and y(H) ~ 2 + 51HI(r - 2)/12. 
(d) If r ~ 3, m! is even, and m2 = 3 then 
y(H) ~ 1 + IHI(5r - 9)/24 and y(H) ~ 2 + IHI(5r - 9)/12. 
(e) Ifr ~ 3, m, = 3, 1 ~ k ~ r - 2, and m,_k_! is odd then 
y(H) ~ 1 + IHI(6r - k - 12)/24 and Y(H) ~ 2 + IHI(6r - k - 12)/12. 
(f) If r ~ 3, m, = 3, 1 ~ k ~ r - 2, m,_k_! is even and m,_k is odd then 
y(H) > 1 + IHI(6r - k - 11)/24 and y(H) ~ 2 + IHI(6r - k - 11)/12). 
(g) Ifr ~ 4, m, = 3, 2 ~ k ~ r - 2, and m,_k is even then 
y(H) > I + IHI(6r - k - 10)/24 and y(H) ~ 2 + IHI(6r - k - 10)/12. 
(h) If r ~ 2, m, ~ 5, and both m, and m,_! are odd then 
y(H) > 1 + IHI(r - 2)/4 and y(H) ~ 2 + IHI(r - 2)/2. 
(i) If r ~ 2, m, is odd and m,_! is even then 
y(H) > 1 + IHI(2r - 3)/8 and y(H) ~ 2 + IHI(2r - 3)/4. • 
We believe that the bounds in Corollaries 12 and 13 are quite tight. In fact A. T. White [16] 
and M. Jungerman and A. T . White [4] proved that equality holds in the orientable parts of 
Corollary 12 for the cases (a) and (c) whenever the right-hand sides of inequalities are integers. 
However, if we take in case (b) m = r = k = 3 we only get a lower bound 35/8 for the 
orientable genus of zL which is worse than the bound 6 from T. W. Tucker [14]. To show 
that the obtained bounds are not bad we have to find upper bounds not too far apart. This 
is what we try to do in the next section 
3. CONSTRUCTIONS 
In this section we construct embeddings of Cayley graphs for some abelian and hamiltonian 
groups. We mainly use the method of even patchworks. 
Define a patchwork of an embedding of a graph G into a surface S to be a collection P of 
faces such that the union of all boundary walks of the faces in the collection P forms a 2-factor 
of the graph G. A set of patchworks {PI> P2, ... , P,.} is disjoint if they are pairwise disjoint 
as collection of faces, that is, no face of 1'; is also a face of If if i =f. j (however, the boundary 
walk of a face in 1'; may share an edge with a boundary walk of a face in If). The faces of an 
embedding that are not in a given set of patchworks are called residual. A patchwork is even 
if all of its faces have even size and quadrilateral if all of its faces have size four. 
An edge-coloring of a graph G is an assignment of a 'color' to each edge such that edges 
incident to the same vertex have different colors. A color i used in an edge-coloring of the 
graph G is saturated if there is an edge colored i incident to every vertex of G. 
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Given an arbitrary collection offaces P, by OP we temporarily denote its boundary graph, 
that is the graph determined by the union of boundary walks of the faces in P. Two 
collections of faces P and Q are said to be isomorphic if OP and oQ are isomorphic graphs. 
Let n be arbitrary positive integer. By nP we denote any collection of faces that can be 
partitioned into n subcollections QI' Q2, ... , Qn where each Q; is isomorphic to P and they 
are pairwise strongly disjoint, that is, no vertex of a face in Q; is also a vertex of a face in 
Qj ifi =f. j. 
The proof of the following Lemma in a different terminology and in a slightly different 
setting can be found in a work of Pisanski [9]; see also [8]. 
LEMMA 14. Let G have an embedding in S that has r disjoint, even patchworks 
PI, P2 , ••• , P" and a residual collection of faces Po. Let H be a graph that has an edge-
coloring with r colors. Let V be the vertex set of H and let E; be the set of edges of H colored 
i, for 1 ~ i ~ r. Then the cartesian product G x H has an embedding which has the 
following structure of faces: 
(a) There is a collection of residual faces Po = IVlPo. 
(b) For each i, 1 ~ i ~ r there is a collection P; = (IVI - 2IE;I)~. 
(c) For each i, 1 ~ i ~ r there are two collections Q; and Q; each consisting ofl V(G)IIE;I/2 
strongly disjoint quadrilaterals. 
This embedding is orientable if and only if S is orientable and H is bipartite. Moreover, for 
each i the collections P; and Q; (or equivalently, P; and Q;) can be combined into a patchwork. 
The remaining quadrilaterals Q; (or Q;, respectively) can be treated as new residual faces. 
However, if the color i is saturated then the remaining quadrilaterals by themselvesform a new 
quadrilateral patchwork. • 
The above Lemma says essentially that any embedding of G with r disjoint, even 
patchworks and any edge-coloring of H with s saturated colors give rise to an embedding 
of G x H with r + s disjoint, even patchworks. Note also, that s new patchworks are 
quadrilateral and that in case of a saturated color i part (b) shows that P; is empty which 
means that the obtained patchwork consists solely of quadrilaterals. In this sense, each 
saturated color can 'transform' a nonquadrilateral patchwork of G into a quadrilateral 
patchwork of G x H. As a special, most frequently used, case of Lemma 14 we get the 
following result. 
THEOREM 15. Let G have an embedding in S that has r disjoint, even patchworks such that 
all residual faces are quadrilaterals and at least q of the patchworks are quadrilatral. Let H 
be a graph that has an edge-coloring with r colors, at least r - q ofwhich are saturated. Then 
the cartesian product G x H has an embedding with at least 2r - q disjoint patchworks such 
that all faces of the embedding are quadrilaterals. The embedding is orientable if and only if 
the surface S is orientable and the graph H is bipartite. • 
The following result is also implicit in [9]; see also [2, 8]. 
THEOREM 16. Let G and H be I-Jactorable (regular) graphs of degree d. Then G x H has 
a quadrilateral embedding with 2d quadrilateral patchworks. The embedding is orientable if 
and only if both G and H and bipartite. 
The following Lemma which will be used in the constructions is an easy exercise and 
therefore its proof is omitted. 
LEMMA 17. Let some R-regular Cayley graphfor Thave an embedding in S with allfaces 
quadrilateral except for D faces, which are octagons. If the surfaces S is orientable then its 
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genus y is given by: 
y = 1 + ITI(R - 4)/8 + D/2. 
If the surface S is nonorientable then its genus y is given by: 
y = 2 + ITI(R - 4)/4 + D. 
In particular, if the embedding has A octagonal, disjoint patchworks and the remaining faces 
are all quadrilateral, then the corresponding formulae are: 
y = 1 + ITI(2R + A - 8)/16 and y = 2 + ITI(2R + A - 8)/8. • 
The standard Cayley graph for an abelian group A(mJ> m 2 , ••• , mr) is the cartesian 
product of cycles Cm , X Cm2 X . . . X Cm" only that from now on we always replace a 
dig on C2 by a single edge K2 • Using this presentation, the lower bound of Corollary 12(a) 
and (c), and repeatedly Theorem 15 we easily obtain the following classical result of 
A. T. White [16]. 
THEOREM 18. Let A = A(m], m2 , ••• , m,) be an abelian group such that r ~ 2 and mr 
is even. Furthermore, let k ~ 0 be such that mr = mr_] = ... = mr-k+] = 2 (and 
mr-k f= 2), then 
yeA) = 1 + (2r - k - 4)IAI/8. • 
In the nonorientable case we can cover even more possibilities. 
THEOREM 19. Let A, r, m], m 2 , ••• , m, and k be as in Theorem 18. Ifm] andm2 are even 
and if one of the following holds: 
(a) r ~ 6, 
(b) r ~ 5 and k ~ 4, 
(c) r ~ 3 and k ~ 2, 
(d) r ~ 3 and k = 0 (mr can be odd or even), then 
yeA) ~ 2 + (2r - k - 4)IAI/4. Moreover, ifm, f= 3 equality holds. 
PROOF. We start with the standard Cayley graph. Since K2· x K2 = C4 the conditions 
of the theorem make sure that we are dealing with a graph of form C2P x C2q X Cs x G 
where G is a product of graphs each of which is either a cycle or K2 • There are only two 
cases to consider. 
CASE 1: s is odd. In this case we use Theorem 16 with G = C2p and H = C2q to get a 
toroidal embedding of their cartesian product with four disjoint, quadrilatral patchworks. 
By Theorem 15 we get a nonorientable quadrilateral embedding of C2p x C2q X Cs • By 
repeated application of Theorem 15 we thereby obtain a quadrilateral, nonorientable 
embedding of the graph Cm , X Cm2 X .... 
CASE 2. s is even. Now we start with the embedding of C2p x C2q depicted in Figure 1. 
The embedding can be described by a (generalized) embedding scheme. (See, [2] or [17]). All 
rotations are clockwise. All edges have signs + I except the edges a], a2 , ••• , a2q which 
have sign - 1. The surface is nonorientable since each cycle C2p has only one edge carrying 
sign -1. 
Here we may use Theorem 15 with G = C2p X C2q and H = c: to get a quadrilateral, 
nonorientable embedding of G x H. Repeated application of the same Theorem then gives 
the desired quadrilateral embedding of Cm , X Cm2 X . . . . • 
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FIGURE I. Nonorientable embedding of C2p x C2q (shown for p = 2 and q = 4). There are four disjoint, even 
patchworks, two of which are quadrilateral. 
The method can be used with non-standard generating sets to produce results not covered 
by Theorems 18 and 19. 
LEMMA 20. Let A = A(m" mz, ... , m,) be an abelian group with ml 
m, > 2. Then A admits a bipartite Cayley graph of degree 2r. 
2m even and 
PROOF. Let p be the integer 1 ~ p ~ r with the property that m l , mz, ... , mp are even 
numbers and that the numbers mp+l, ... ,m, are odd. Let Al = A(mz, ... ,mp) and let 
A2 = A(mp+" ... ,m,). Then obviously, A = Zml X AI X A2· If we find a bipartite 
Cayley graph for the group Zml X A2 which would be of degree 2r - 2p + 2 we are done 
as AI has its standard Cayley graph bipartite of degree 2p - 2 and the cartesian product 
of the two bipartite graphs is a bipartite graph of degree 2r. 
We can assume that mz is odd. For each i, 1 ~ i ~ r, let bi E Zml X ... X Zm, be the 
element with all components equal to 0, except the ith component that is equal to 1, and 
let Yi = bl + bi. Then Li = {b l , Y2, ... ,y,} is a generating set for A and the graph 
G(A, Li) is bipartite, regular of degree 2r. • 
The next result is contained in the main theorem of [4]; it intersects also with Theorem 
8 of [16]. We include it here in illustration of the efficiency of the present approach. For 
other abelian groups for which the orientable genus is known, see [4] or [17]. 
THEOREM 21. Let A = A(ml' mz, ... , m,) be an abelian group such that the numbers 
m l , m2, and r are even and m, > 2. Then yeA) ~ 1 + (r - 2)IAI/4. Furthermore, if m, > 3 
then the right-hand side is the genus of A. 
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PROOF. Since A can be written as A, x A2 where A, = A(m" m3' ... ,mr_,) and 
A2 = A(m2' m4 , ••• , mr) and since both A, and A2 satisfy the conditions of Lemma 20 we 
have bipartite Cayley graphs G(A" Li,) and G(A2' Li2 ) of degree r. Their cartesian product 
is a Cayley graph of degree 2r for A and to which Theorem 16 applies. The result then 
follows by Lemma 17 and Corollary 12. • 
THEOREM 22. Let A = A(m" m2 , ••• , mr) be an abelian group such that 4 divides m" 
r ~ 3, and mr is odd. Then yeA) ::::; 2 + (r - 2)IAI/2. Furthermore, if mr ~ 5 then the 
right-hand side is the nonorientable genus of A. 
PROOF. If m, is divisible by four then Zm, X Zm2 with the generating set Li = {(l, 0), 
(2, I)} has a quadrilateral embedding on a torus with four disjoint, quadrilateral patch-
works, as shown in Figure 2. We may then use Theorem 15 repeatedly. Since at least one 
cycle is of odd length, namely Cm" the final embedding is certainly nonorientable. • 
FIGURE 2. A toroidal embedding of Zm x Zm with the generating set {(I, 0), (2, I)} for the case m, = 12 and 
m2 = 3. It ha~ four quadrilateral patchworks. 
All our upper bounds apply to certain abelian groups which have their order divisible by 
four. In fact, the above theorems give reasonable upper bounds for the orientable and 
nonorientable genus of each group under consideration. Note that M. Jungerman and 
A. T. White [4] used current graphs to prove a stronger version of Theorem 21. However, 
as we said above, there are groups with Z3 factors to which no general method of genus 
computation seems to apply. 
In the last part of the paper we consider hamiltonian groups. Since their order is divisible 
by 8 we are able to obtain uniform upper bounds for orientable and nonorientable genus 
for all hamiltonian groups. We start with the nonorientable case as we are able to get a 
quadrilateral embedding for the standard generating set of an arbitrary hamiltonian group. 
PROPOSITION 23. Let H = H(m" m2, ... , mr) be a hamiltonian group with r ~ 0 and 
let k ~ 0 be such that mr = mr_, = ... = mr- k+, = 2 and mr-k =f. 2. Then the standard 
Cayley graph K 4•4 X Cm , X Cm2 X . . . X Cm'_k X K~ admits a quadrilateral nonorientable 
embedding. Hence 
YeH) ::::; 2 + IHI(2r - k)/4. 
PROOF. There are two cases. 
CASE 1. mr is odd. We start with the toroidal embedding of K4,4 as shown in Figure 3. 
Then we repeatedly apply Theorem 15. All embeddings are quadrilateral and the last one 
is nonorientable, since mr is odd, and therefore Cm, is not bipartite. 
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FIGURE 3. Toroidal embedding of K4,4 with four disjoint, quadrilateral patchworks. 
CASE 2. mr is even. Now we start with a quadrilateral embedding of K4,4 into the Klein 
bottle. The embedding is essentially the one of Figure 3 but with different interpretation; 
see Figure 4. Since there are two patchworks we may accommodate for all cycles as they 
are all I-factorable and two-edge-colorable. This proves the Theorem. • 
FIGURE 4. Klein bottle embedding of ~4 with two disjoint, quadrilateral patchworks and four residual 
quadrilaterals: w, x. y, z. 
Although we were unable to find quadrilateral orientable embeddings for all hamiltonian 
groups, we do have a general upper bound which is written for the sake of consistency with 
Proposition 23 in the following form. 
PROPOSITION 24. Let H = H(m 1, m2, ... , mr) be a hamiltonian group with r ~ 0 and 
let k ~ 0 be such that mr = mr- 1 = . . . = mr-k+ I = 2 and mr-k =1= 2. Then 
y(H) ~ I + IHI(2r - k)/8. 
We first state and prove two lemmas that are needed in the proof of Proposition 24. Also, 
in the proof itself we obtain in some cases better bounds than claimed. These results are 
stated below as a theorem. 
LEMMA 25. Let H = H(ml, m2, ... , mr) be a hamiltonian group such that m 1 is odd and 
r ~ 2 is even. Then there exists a Cayley graph of degree 2r which is bipartite and has an 
orientable embedding with 2r disjoint patchworks, 4, of which are octagonal, and the remaining 
2r - 4 are quadrilateral. 
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PROOF. Recall the notation Jh introduced in the first section. Let L1 = {J\, ~, JL ... , Jt}. 
The Cayley graph is indeed bipartite as we need an even number of generators in order to 
get identity in the quaternion part of the product. Figure 5 represents a quadrilateral 
embedding of some voltage graph K 2(2r), that is K2 with 2r parallel edges. The derived 
graph with the derived embedding yields the desired result. 
8~ 8/ 2 8} 4 
8/ 8; 
8~ 3} 2 
FIGURE 5. Quadrilateral, orientable embedding of a voltage graph K 2(2r), shown for r = 4. The derived graph 
is G(H, .1), a Cayley graph for H. In the derived embedding there are 2r disjoint patchworks, of which 4 are 
octagonal and 2r - 4 quadrilateral. 
The products of group elements along the r boundary quadrilaterals of the embedded 
voltage graph as as follows: 
J\ J~ J]i J2 j 
J2 j J:; j J~ J~ 
J;J]iJ;jJ\ 
JjJ~J:;jJ4j 
J-' (lift to octagons), 
All remaining faces lift to quadrilaterals. (Again, see [2] or [17] for the notions of 'face 
lifts' and 'derived graphs'). Thus each vertex of the derived graph is invident with 4 
octagons and 2r - 4 quadrilatrals. It is easy to verify that the faces of the derived 
embedding can be indeed arranged into the 2r disjoint patchworks. Therefore, y(H) ~ 
1 + (r - 1 )IHI/4, by Lemma 17 with R = 2r and A = 4. • 
LEMMA 26. Let H = H(m" m2 , ••• , m,) be a hamiltonian group such that m, and rare 
odd. Then there exists a Cayley graph of degree 2r + 2 which has an orientable embedding 
with 2r + 2 disjoint patchworks, 4 of which are octagonal and the remaining 2r - 2 are 
quadrilateral. 
PROOF. We have essentially the same proof as in Lemma 25, except that now we take 
L1 = W, J{, J~, ... , Jt} and the voltage graph is K2 (2r + 2). By Lemma 17 we get 
y(H) ~ 1 + rIHI/4. • 
PROOF OF PROPOSITION 24. Recall the numbers a, b, and odd numbers ni for 1 ~ i ~ b, 
from the alternative product form for the group H. The proof is split into several disjoint 
cases. 
CASE 1. r = O. H = Q. This case is covered by the embedding of Figure 3. Hence 
y(H) ~ 1. 
CASE 2. r = 1, a = O. H = Q x Zm\; m, = n,. There exists a toroidal embedding of a 
Cayley graph with generators (i, 0) and (j, 1) that has four disjoint, quadrilateral patch-
works; see Figure 6. This proves that y(H) ~ 1. 
CASE 3. r ~ 2, a = O. The subcase of even r is covered by Lemma 25 with y(H) ~ 
1 + IHI(r - 1)/4 whereas Lemma 26 applies to the case of odd r giving rise to the 
inequality y(H) ~ 1 + IHir/4. 
CASE 4. a = r ~ 1, b = O. H = Q x Z;. The standard generating set has K 4,4 x K; 
as a Cayley graph which has by Figure 3 and Theorem 15 an orientable, quadrilateral 
embedding; see also [8]. This proves that y(H) ~ 1 + IHlr/8. 




\ (i,0) \ (j, I) 
\ ~ 
FIGURE 6. Toroidal embedding of Q x Z. , shown for n, = 3. The Cayley graph with generators (i, 0) and (j, I) 
is bipartite. The embedding has four disjoint, quadrilateral patchworks. 
CASE 5. a = r ~ 1, b = 1. H = Q x Zn, x Z;. We start with the embedding of 
Figure 6 for Q x Zn, and then repeatedly apply Theorem 15 to get a quadrilateral embed-
ding which by Lemma 17, with R = r + 4 and D = 0, shows that y(H) ::::; 1 + IHlr/8. 
CASE 6. a = r ~ 1, b = 2. H = Q x Zn, X Zn2 X Z;. We start with the embedding 
of Lemma 25 for Q x Zn, X Zn2 with four octagonal patchworks. Next, we apply Lemma 14 
repeatedly r times with H = K2 • This gives a (r + 4)-regular Cayley graph with two 
octagonal patchworks for r = 2, with a single octagonal patchwork for r = 3, and with 
a quadrilateral embedding for r ~ 4. By Lemma 17 we have y(H) ::::; 1 + 31HI/8 for r = 2, 
y(H) ::::; 1 + 71HI/16 for r = 3, and y(H) ::::; 1 + IHlr/8 for r ~ 4. For r = 1 we use a 
different approach. We start with a quadrilateral embedding as in Figure 6 for Q x Zn, and 
then use Z2n2 and Theorem 15 to produce a quadrilateral embedding of a 6-regular Cayley 
graph for H = Q x Zn, X Zn2 X Z2' In this case we get y(H) ::::; 1 + IHI/4. 
CASE 7. a = r ~ 3, b ~ 3. H = Q x Zn, X Zn2 X Z;-b+2 x Zm3 X ••• X 2mb' By 
the same method as in Case 6 we start with the octagonal embedding for Q x Zn, X Zn2 
and then by Lemma 14 (or Theorem 15) and we get a quadrilateral embedding of a 
(r + b + 2)-regular Cayley graph. Recall that b = r - k. Therefore we can apply 
Lemma 17 with R = 2r + 2 - k and D = 0 to get y(H) ::::; 1 + IHI(2r - 2 - k)/8. 
CASE 8. a = r - 1, r ~ 3. H = (Q x Zn,_, x Zn,} X Z2 X (Zm, X ... X Zm'_2)' 
Now we apply the embedding of Figure 6 to Q x Zn,_, x Zn, and then kill off an octagonal 
patchwork by multiplying by Z2 and then two more by multiplying by Zm,. This gives 
R = 7 and A = 1 in Lemma 17 in case r = 3. In this case we have y(H) ::::; 1 + 71H1/16. 
If, however, r ~ 4, we get a quadrilateral embedding of a (2r + I)-regular Cayley graph. 
Hence, y(H) ::::; 1 + (2r - 3)IHI/8. 
CASE 9. a = 1, r = 3. H = (Q x Zn2 X Zn) X Z2n,. Bya similar argument as in the 
cases 6, 7, and 8, we get here R = 6 and A = 2. Hence y(H) ::::; 1 + 31H1/8. 
CASE 10. 1 ::::; a ::::; r - 2, r ~ 4. H = (Q x Zm3 X ••• X Zm,} x (Z2n, X Zm). 
First, assume a = 1. In addition assume r is even. Then by Lemma 25 the group Q x 
Zm3 X • . . X Zm, has an embedding with four octagonal patchworks. By Lemma 20 the 
group Z2n, X Zm2 has a bipartite 4-regular Cayley graph and by Theorem 15 we have the 
desired quadrilatral embedding of a 2r-regular Cayley graph. This gives R = 2r and D = 0 
in Lemma 17. Therefore y(H) ::::; 1 + IHI(r - 2)/4. If r is odd and r ~ 7 we can move one 
factor, say ZmJ' from the first product to the second and apply the same argument to 
(2r - 2)-regular and 6-regular Cayley graphs to get the same upper bound. The best we 
could find for r = 5 was R = 10 and A = 2; thus y(H) ::::; 1 + 7IHI/8. 
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If a > 1, we may apply this case (with a = I) to the group H(m" ma+" ... , mr) and 
then multiply the resulting graph by the product of even cycles Cm2 , Cm), •• • , Cma to obtain 
(even for r = 5) a quadrilateral embedding. • 
If we compare the results of the above proof with those of Corollary 13 we may 
summarize in Theorem 27 the cases where upper and lower bounds meet. The two cases of 
part (a) are not new and are due to P. Himelwright, who proved them in a 1972 Specialist 
thesis; see [17] for further references. 
THEOREM 27. The genus of a hamiltonian group H = H(m" m2, . . . , mr) = 
R(a; n" ... , nb ) is known in the following cases. 
(a) y(H) = I + IHlr/8, if H = Q x Z'z or H = Q x Zn x Z'z, n odd, r ~ O. 
(b) y(H) = I + IHI(2r - 2 - k)/8, if a ~ b ~ 2 and (a, b) "# (2, 2), (3, 2). Here r = a 
and k = a-b. 
(c) y(H) = I + IHI(2r - 3)/8, if a = r - I, r ~ 4. 
(d) y(H) = I + IHI(r - 2)/4, ifmr "# 3, I ~ a ~ r - 2, and either r = 4, or r ~ 6, or 
(a, r) = (2, 5), (3, 5). • 
In particular, this means that for r ~ 6 the only hamiltonian groups with unknown genus 
are those with an odd order abelian part (16 does not divide the order of H) and those with 
mr = 3. 
Since we may always add a crosscap to a surface in which a graph G is embedded to get 
a nonorientable embedding of G it is clear that Y(G) ~ 2y(G) + l. Hence for each group 
rwe also have y(r) ~ 2y(r) + l. In particular, this means that for hamiltonian groups, 
many upper bounds in the proof of Proposition 24 give rise to better bounds than those of 
Proposition 23 for the nonorientable genus. However, the bounds that are obtained in this 
way do not always give the nonorientable genus. We shall go through all 10 cases of the 
proof of Proposition 24 and try to find direct nonorientable constructions. 
CASE I. r = O. This case is covered by the embedding of Figure 4. 
; CASE 2. r = I, m, odd. Apply y ~ 2'1 + l. 
CASE 3. r ~ 2, a = O. For r = 2 there exists an octagonal nonorientable embedding for 
H. It is obtained by lifting the embedding of the voltage graph of Figure 7. This proves that 
Y(H) ~ I + IHI/4. For r ~ 3 we start with the orientable octagonal embedding for 
H(n" n2 ) of Lemma 25 and then use repeatedly Lemma 14 and cartesian multiplications 
with Cn), Cn4 , ••• , Cn,. Since all these cycles are of odd length we get a nonorientable 
embedding. For r = 3 we get the nonorientable genus 2 + 3IHI/4. For larger values of r 
we get an embedding with approximately 4m,m2m4m6 ... mr octagons if r is even, and 
2m,m2m4m6 ... mr_,mr octagons if r is odd. In general, we get better bounds than those 
of the orientable case, however the gap to the lower bound remains wide. Take for instance 
the group H = Q x Z~, with n odd. We have 2 + 4nr(r - 2) ~ y(H) ~ 2 + 4nr(r - 2) + 
O(nr/2). 
CASE 4. a = r ~ 1, b = O. Starting with the embedding of Figure 4 we immediately get, 
by repeated application of Theorem 15, the bound Y(H) ~ 2 + IHlr/4. 
CASE 5. a = r ~ I, b = l. Similarly, as in the orientable case, we prove that 
y(H) ~ 2 + IHlr/4. But here the formula is valid only for r ~ 2. We start with the embed-
ding of Q x Zn, of Figure 8. It is a modification of the embedding of Figure 5. Then we use 
Lemma 14 and Theorem 15. For r = I we get R = 5 and D = 2 and the bound 4 + IHI/4, 
which is too large to be of any use. Only for r ~ 2 do we get a quadrilateral embedding. 
CASE 6. a = r ~ 2, b = 2. For r = 2 and r = 3 we use the fact that y ~ 2'1 + I. For 
r ~ 4 we start with the nonorientable embedding of Figure I for the graph C4 x C4 = Ki , 
a Cayley graph for Zi . Since the embedding has 4 patchworks, we may immediately multiply 








I 8 i I 










FIGURE 7. Voltage graph embedded into N) with a single octagonal face. The derived graph is a Cayley graph for 
H(n" n2). The derived embedding is clearly nonorientable. It is octagonal, since id = b;b2jblib~b~b~ blib2j. 
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FIGURE 8. Nonorientable embedding of Q x Z. ,shown for n1 = 3. The generators are, as in Figure 4, (i, 0) and (j, I). The embedding is nonorientable and ha~ four patchworks. There are only two octagons, hence y = 4. 
it by a 4-regular Cayley graph for H(n" n2) and then repeatedly by K2 • This gives y(H) ~ 
2 + IHI(2, - 2 - k)j4. 
CASE 7. a = , ~ 3, b ~ 3. Bya similar argument as in the Case 6 but starting with the 
graph C4 X C2n), the Cayley graph for Z~ x Z2n), we get Y(H) ~ 2 + IHI(2, - 2 - k)/4. 
CASE 8. a = , - I" ~ 3. If, = 3, we use 'I ~ 2y + I. If, ~ 4 we can start with the 
Figure I embedding for Z2n
1 
X Z2n2 with four patchworks and then use a four-regular 
Cayley graph for the group Q x Zn, X Zn'_ 1 to get a quadrilateral embedding. Finally, we 
multiply repeatedly by the remaining cycles to get Y(H) ~ 2 + (2r - 3)IHI/4, for r ~ 4. 
CASE 9. a = I, r = 3. Use 'I ~ 2y + I. 
CASE 10. I ~ a ~ , - 2" ~ 4. We shart with the orientable embedding of Lemma 25 
for the group Q x Zm) x . . . X Zm, (if r is odd we start with Q x Zm4 X . . • x ZmJ By 
a Theorem of A. Kotzig [5] the non-bipartite graph C2n 1 X Cm2 is I-factorable. Therefore 
Theorem 15 gives a nonorientable, quadrilateral embedding for H. If r is odd, another 
multiplication by Cm) is needed. In any case we have-y(H) ~ 2 + IHI(r - 2)/2. 
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The above reasoning in conjunction with the lower bounds of Corollary 13 prove the 
following result. 
THEOREM 28. The nonorientable genus of a hamiltonian group H = H(ml' ... , mr) 
H(a: n l , ... , nb ) is known in the following cases. 
(a) y(H) = 2 + IHlr/4, if H = Q x Z;, r ;;:: 0 or H = Q x Zn x Z;, n odd and r ;;:: 2. 
(b) y(H) = 2 + IHI(2r - 2 - k)/4, if a ;;:: b ;;:: 2 and (a, b) -# (2, 2), (3, 2), (3, 3). Here 
r = a and k = a-b. 
(c) Y(H) 2 + IHI(2r - 3)/4, if a = r - 1, r ;;:: 4. 
(d) Y(H) = 2 + IHI(r - 2)/2, if mr -# 3, 1 ~ a ~ r - 2, and r ;;:: 4. • 
Note that there are only a finite number of cases in which the conditions in Theorem 27 
differ from the conditions of Theorem 28. This means that we know for r ;;:: 6 the 
nonorientable genus of a hamiltonian group if and only if we know its orientable genus. 
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